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Introduction: In this study, the ultrasound-tissue interactions to obtain the resulting treatment thermal plans
of high-intensity focused ultrasound (HIFU) are simulated.
Material and Methods: The simulations were performed for three layers of skin, fat, and muscle using
Comsol software (version 5.3). The acoustic pressure field was calculated using the Westervelt equation and
was coupled with Pennes thermal transfer equation to obtain thermal distribution. The pressure field was
calculated and compared in two linear and non-linear models.
Results: By increasing the input sound intensity, the non-linear behavior becomes more pronounced and
higher harmonics of the fundamental sound have appeared and increased the pressure, and temperature at the
focal point. At input intensities of 1.5, 2, 5, 8, 10, 20, and 30 W/cm2, the maximum acoustic pressure in the
non-linear model compared to the linear model was 10, 11, 15, 22, 40, 47, 65, and 85%, respectively. The
maximum temperature in the non-linear model increased by 9, 10, 12, 20, 22, 24, 31, and 45% compared to
the linear model. Model results were validated with experimental results with a 95% correlation coefficient.
The results of the input intensity 1.5, 2 and 5 W/cm 2 were acceptable (p<0.05) and from input sound intensity
8 W/cm2 to above, there was a significant difference between the data (p<0.05). Also, maximum pressure and
maximum temperature in the non-linear model are 20% more than in the linear model.
Conclusion: In the non-linear propagation model, the resulting thermal pattern changed significantly with the
change of the input sound intensity.
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Introduction

HIFU technology in medical treatment has grown
significantly in recent decades. High-intensity focused
ultrasound waves deliver their energy to the target
tissue without damaging adjacent tissues [1]. The
application of HIFU on skin tissue and at low
penetration depths has grown significantly in the last
two decades. HIFU was considered a non-invasive
method for the skin, especially in the field of
rejuvenation in the field of beauty. Using various
treatment probs, heat induces at multiple depths, and
causees the destruction of collagen, then new tissue is
formed and collagen is regenerated, and finally, the
skin is tightened and lifted [2]. Before reaching the
target tissue, high-intensity focused ultrasound waves
pass through the skin tissue, subcutaneous fat, and
muscle. According to the tissue's viscosity coefficient,
the acoustic pressure causes the tissue to move on the
microscopic surface and convert to heat. An increase
in temperature from 42-48 °C is called hyperthermia
[3]. If the linear propagation of sound, the thermal
rate depends on ultrasound waves intensity and tissue
absorption coefficient. The absorption coefficient is

dependent on frequency, and at higher frequency
components, the non-linear factor enhances the
thermal tissue rate [4].
High-intensity acoustic waves can change the
parameters of the medium and destroy it. When a
wave with high intensity propagates in the medium
non-linearly, the waveform changes from the
fundamental frequency to their harmonic frequencies
that depend on the amplitude of the input sound
intensity and the non-linear behavior of the medium
and is defined by the non-linear parameter [5, 6]. The
main advantage of HIFU is the local and point focus on
the target. HIFU beam rapidly increases tissue
temperatures. The focal area is typically oval in
diameter, 1.5 cm long and 1.5 mm wide depending on
the transducer frequency and focal geometry.
Excitation conditions and geometrical shape of the
transducer and sonication time, and its frequency can
play a role in thermal distribution [7].
Treatment dependenceon sonication parameters
and tissue type forces us to plan the treatment process
using computer modeling [8]. Extensive studies have
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been performed in simulating the propagation of
ultrasonic waves and extracting the resulting thermal
distribution assuming linear behavior [9]. Wave
propagation is a non-linear phenomenon, especially in
tissue. Linear equations, in conditions of highpressure amplitude, are not a suitable solution to
present a treatment plan [10, 11]. In several studies,
the behavior of HIFU waves is linearly limited [12].
However, in other studies, the non-linear behavior of
ultrasound propagation has been analyzed [13-15].
Today, studies on the linear propagation of
ultrasound waves in the hyperthermia method have
been considered, and treatment with HIFU waves and
in the non-linear model is in its initial stages. Often the
optimization of localization and control of therapy is
related to cancer treatment. In these studies, the skin
tissue and subcutaneous fat layer in the path of the
waves were not examined. Due to the non-linear
behavior of fatty tissue, in this study, based on the
biophysical parameters of the skin layers and
subcutaneous fat layer, the pressure map and the
thermal scheme of the HIFU beam are simulated as
the first passageway to enter the body. According to
the non-linear behavior of subcutaneous fat, the
pressure distribution map and thermal design of HIFU
beam propagation with increasing sound intensity are
simulated and compared in both linear and non-linear
models. The intensity threshold will be extracted from
the linear to a non-linear model.

Materials and Methods
The simulation was performed with Comsol (version
5.3) software using the finite element method (FEM)
and solving pressure and temperature equations. In this
study, the ultrasonic transducer is a spherical transducer
with a curvature radius of 9 mm, an aperture radius of 5
mm, and a hole radius of 2.5 mm. The transducer
frequency is 4 MHz, which is based on the treatment
transducer of the doublo_s Hironic Korea devise. The
geometry has axial symmetry. The cylindrical model
geometry is 14×7 mm2. The physical characteristics of
layers (skin, fat, and muscle) are shown in Table 1.
Between the probe and the skin is water (the acoustic
impedance adaptation)
In a two-dimensional space, boundary conditions for
solving the acoustic equation and the heat transfer

equation were used. The acoustic pressure temporal rate
is P = P0 sin (ωt). The radiation boundary on the walls
without reflection is defined [11, 21]:
1
1 𝜕𝑝
−𝑛⃗. (− ∇𝑝) =
(1)
𝜌

𝑍𝑚𝑎𝑡 𝜕𝑡

Zmat is the tissue acoustic impedance. 𝑛⃗ is a normal
𝜕𝑝
vector of a surface. 𝑝 = 0 and
= 0 are initial
𝜕𝑡
conditions for acoustic propagation. Also, T = T 0 = 310
K is the initial condition for the heat transfer. To
accurately calculate the propagation of a wave during
medium, the mesh size must be small. If the transducer
area is divided into more elements, the resolution was
increased. In this study, the transducer surface was
divided into parts with λ/6 size, and the focal zone into
elements with λ/12 size (λ is wavelength). The time step
in calculating the pressure distribution is of order 10-9 s.
The solution time of the transient equation is of order
9×10-6 s. The solution time of the temperature
distribution is of order 10-3 s. Different two-time scales
are related to multi-physically numerical modeling [15,
22]. The acoustic wave takes about 1 µs to reach the
region of interest (50-60 μs in this study). The model
was simulated in the time-dependent domain. The
pressure distribution maps in both axial and radial
directions were extracted. In the linear model (β=0) and
non-linear model (β ≠ 0), the Westervelt equation was
solved and pressure distribution and temperature
distribution were extracted, and compared in various
intensities (1.5, 2.0, 5.0, 8.0, 10.0, 14.0, 20.0 and 30.0
W/cm2).
The propagation of ultrasonic waves in the medium
causes densities and expansions in the tissue [23]. Due
to the effect of thermo-viscous, increasing pressure
leads to an increase in temperature and the local velocity
of sound in the medium. The high-pressure phase of the
wave oscillates faster than the low-pressure phase. So
the propagated waves that originally carried energy at
the fundamental frequency of the source are now
moving to higher harmonics. This distorts the waveform
at the minimum and maximum, and the waveform leads
to the sawtooth wave. The non-linear B/A parameter
was calculated from the second-order expansion of the
Taylor series of pressure in terms of density [24].

Table1. Input parameter of model
Parameter
Speed of sound (m/s)
Density (kg/m3)
Non-linear coefficient
Attenuation coefficient at 4 MHz (dB/cm)
Thermal conductivity (W/m.K)
Heat capacity (J/kg.K)
Bulk viscosity (Pa.s)
Dynamic viscosity (Pa.s)
Thickness (mm)
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water
1430
1000
3.5
0.01
0.60
4200
0.024
0.008
3.0

skin
1640
1100
4.9
7.2
0.44
3300
0.024
0.008
1.6

fat
1450
911
6.5
2.4
0.18
2674
0.04
0.3
3.4

muscle
1575
1085
4.5
4
0.50
3768
0.024
0.008
4

reference
[16]
[17]
[17]
[14]
[18]
[19]
[20]
[17, 20]
[18]
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1 𝜕2 𝑝
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+

𝛿 𝜕
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(∇2 𝑝) = −

𝛽
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The sound diffusivity (δ) is given by:
1 4
(𝛾−1)𝑘
δ = ( 𝜇 + 𝜇𝐵 +
)
𝜌0 3

𝑐𝑝

(2)

(3)

Where μ is the dynamic viscosity, μβ is the bulk
viscosity, γ is the heat capacity ratio, k is the thermal
conductivity, and cp is the specific heat capacity. The
first two sentences show the Westervelt equation for
linear behavior, the third sentence shows the loss due to
heat conduction and the thermoviscous property of the
fluid and the last sentence (right) refers to the non-linear
behavior of a finite-amplitude wave [11, 22, 25].
In this study, the Westervelt full wave equation is used
to solve the pressure field in non-linear propagation using
Comsol software. The pressure distribution in adipose
tissue as a target tissue was obtained. By solving the
Westervelt equation and considering the thermo-viscous
fluid, the equation was calculated in two states of linear (β
= 0) and non-linear (β ≠ 0) pressure field. The equations
were solved in the time-dependent domain. The Pennes
heat transfer equation is used to calculate the temperature
[11, 22,26, 27]:
𝜕𝑇
𝜌𝑡 𝑐𝑡 𝑡 = 𝑘𝑡 ∇2 𝑇𝑡 − w𝑏 c𝑏 (𝑇 − 𝑇𝑏 ) + 𝑄
(4)
𝜕𝑡

Indices t, and b, respectively, represent the
parameters of tissue and blood. c, k, ρ, w and Q are the
speed of sound propagation in the medium, the
coefficient of thermal conductivity, density, the rate of
blood perfusion, and the heat from the heat source,
respectively. Here, the heat generated by the energy
absorption of the HIFU sound wave in the tissue is
obtained from Equations (5) and (6) [21, 22, 26, 27].
𝑄 = 2𝛼𝑎𝑣𝑔 𝐼
𝐼=

(5)

𝑷𝒓𝒎𝒔 𝟐
𝝆𝒄

2
𝑝𝑟𝑚𝑠
=

(6)

𝑡
∫ 𝑓 𝑝2
𝑡𝑓 −𝑡𝑖 𝑡𝑖
1

𝑑𝑡

(7)

ti and tf are the start and end times of the integration.
The absorption coefficient is frequency dependent and is
obtained from the following equation (25):
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𝑓

𝛼 = 𝛼0 ( )𝑏

(8)

𝑓0

f0 and α0 are fundamental frequency and absorption
coefficient. b for soft tissue is equal to1.

Results
The developed numerical method in the present work
was validated in comparison with the solutions in the
research literature based on the three-dimensional
Westervelt equation and considering the effect of thermoviscous and the average absorption coefficient for the
tissue, with the results obtained from the experimental
research [28]. Modeling was performed input parameter of
the experimental study and the results of temperature
distribution according to the depth of the present study
were examined by a study [28] with Pearson correlation
analysis and estimated with a confidence level of more than
95% (p<0.05). As shown in Figure 1, temperature data in
terms of depth a focal area (z=8.5 cm) were compared with
each other for the present study and the study [28]. (4 MHz
frequency, 8.5 cm focal length, and 21 W input power).
Simulated data

Temperature (°C)

Non-linear effects lead to higher harmonics and
consequently more attenuation and more heat transfer,
especially in the focal region. The three most common
equations for solving the non-linear behavior are the
Burgers equation (1948), the Westervelt equation
(1963), and the kzk equation (1970). The Westervelt
equation is the general form of the non-linear wave
equation, considering the diffraction, absorption, and
thermo-viscous effects in all directions. The Westervelt
non-linear equation assumes the absorption, diffraction,
and thermo-viscous effects. The Westervelt equation
does not have a known analytical solution, and because
it is non-linear, the principle of overlap does not apply
to it. Hence it was numerically calculated. Westervelt
equation is solved by the finite element method. The
acoustic pressure was obtained from the solution of the
full-wave non-linear Westervelt equation [6, 11, 25]:

Experimental data

60
50
40
30
20
10
8.1

8.3

8.5

8.7

8.9

z (mm)
Figure 1. Comparison of temperature changes in both simulation and
experimental study.

To compare and evaluate the linear and non-linear
behavior of the Westervelt equation (Eq. 1) in two nonlinear model (β ≠ 0) and linear model (β=0), for eight input
intensities of 1.5, 2.0, 5.0, 8.0, 10.0, 14.0, 20.0, 30.0 W/cm2
was calculated. These intensities are such as input
transducer displacement amplitude (d0) of 5.0, 6.2, 8.5,
11.3, 14.2, 16.2, 20.0 and 30.0 ηm. In the case of solving
the non-linear equation, due to the production of higher
sound harmonics as well as the non-linear parameter, a
higher maximum pressure was observed.
To better understand the non-linear behavior of the
pressure diagram for 5 input intensities of 1.5, 5.0, 8.0,
14.0, 20.0 W/cm2 and in the radial direction at the focal
point (z=8.6 mm) is given in Figure 2. As shown in Figure
2, increasing the intensity of the input sound leads to an
increase in the maximum pressure in the focal region and
distortion of the waveform, especially at the negative peak.
As mentioned in the physics section of the model, the lowpressure part of the wave travels at a slower speed than the
high-pressure part of the wave, and the symmetrical shape
of the initial wave is destroyed.
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Figure 2. Radial pressure distribution diagram at the focal point of 8.6 mm for 1.5, 5.0, 8.0, 14.0, 20.0 W/cm2 intensities in both linear (dotted) and non-linear
(solid lines) models.

(a)

(b)

Figure 3. Pressure distribution for 14 W/cm2 intensity, a) in the longitudinal direction (z), b) pressure contour in the plate (z-r).
Table 2. Comparison of maximum and minimum acoustic pressure (MPa) in linear and non-linear model for 1.5, 2.0, 5.0, 8.0, 10.0, 14.0, 20.0, 30.0 W/cm2
intensities.
Intensity
(W/cm2)
1.5
2
5
8
10
14
20
30

Maximum
pressure p+
(non-linear model)MPa
3.33
4.20
5.52
8.70
12.00
15.00
20.30
28.40

Minimum pressure p(non-linear model)MPa

Maximum pressure p+
(linear model)MPa

Minimum pressure p(linear model)MPa

Percentage increase (%)
(p+nonlinear-p+linear)/p+linear

-2.91
-3.49
-4.75
-6.09
-7.76
-8.80
-11.30
-18.30

3.01
3.78
4.80
7.11
8.75
10.20
12.30
15.30

-3.03
-3.77
-4.70
-7.06
-7.86
-10.24
-12.20
-15.20

10%
11%
15%
22%
40%
47%
65%
85%

Figure 2 shows the pressure distribution in the radial
direction at the focal point for 5 input intensities in two
models: linear (solid lines) and non-linear (dotted lines).
With increasing the input sound intensity (8, 14, 20
W/cm2). The difference between the solid line diagram
and the dotted line of each intensity increases. This is
due to the production of higher harmonics at the focal
point at high input intensity. At low input intensity: 1.5
and 5.0 W/cm2, the difference between linear and nonlinear models is negligible.
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Figure 3. Shows the longitudinal acoustic pressure
distribution profile and pressure contour in the plate (z-r)
MPa for 14 W/cm2 input intensity.
The acoustic pressure distribution in the longitudinal
direction (axis of central symmetry) is plotted in Figure
3a. The skin layer is z=4.5-6.1 mm, the fat layer is
z=6.1-9.0.1mm and the muscle layer is z = 9.1 to14 mm.
The amplitude of acoustic pressure reaches a maximum
value in the focal area in the fat layer and after the
transition from the focal area is damped in the muscle
layer. Due to the focal nature of HIFU waves, the
maximum pressure in the dimensions of 1.5×1.5 mm2

184

Linear and Nonlinear Behavior of HIFU

occurs and energy is transferred to the adjacent tissues
with minimal damage. In the linear model, for input
intensity above (14 W/cm2) the maximum positive and
negative pressure is 10.2 MPa, which maintains its
symmetrical waveform. Table 2 shows the maximum
values of positive and negative pressure in both linear
and non-linear models for input intensities of 1.5, 2.0,
5.0, 8.0, 10.0, 14.0, 20.0, 30.0 W/cm2. Percentage
increase of pressure was calculated based on maximum
pressure at the non-linear model and linear model.
In the linear model, the wave is symmetrical, and there
is no difference between the maximum and minimum

(a)
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pressure. Still, in the non-linear model with increasing
input intensity, the wave becomes asymmetrical and
distorted, and between the minimum and the maximum
pressure, magnitude makes a difference. The percentage
difference between the maximum positive pressure in both
linear and non-linear models is given in Table 2. The
frequency spectrum is plotted for 2 and 20 W/cm2 in
linear and non-linear models (Figure 4). The vertical axis is
the Fourier coefficient of pressure and the horizontal axis is
frequency.

(b)

(c)
(d)
Figure 4. Frequency spectrum (a) Non-linear model of intensity 2 W/cm2, (b) Linear model of intensity 2 W/cm2, (c) Non-linear model of intensity20 W/cm2,
(d) Linear model intensity 20 W/cm2

As the input intensity increases, the harmonic
frequencies appear in the non-linear solution of the sound
propagation (Figs. 4a and 4c), however the higher
harmonics do not appear in the linear model (Figs. 4b and
4d). Also, increasing the input sound intensity, the number
and amplitude of higher harmonics has increased (Figure
4d). This study's fundamental frequency or transducer
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frequency is 4 MHz, and the higher harmonic frequencies
are 8, 12, 16, MHz (F = nf0), respectively.
After calculating the pressure field and obtaining the
rms (root mean square) pressure, and placing it in the heat
transfer equations (Eq.3-6), the temperature distribution in
the longitudinal and transverse directions was extracted for
linear and non-linear models. Figure 5 shows the
temperature distribution for 14W/cm2 input intensity.
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(a)

(b)

Figure 5. a) Temperature contour on the plate (z-r), b) pressure distribution in the longitudinal direction (z)

In Figs. 5, the temperature contour and the temperature
distribution are shown in (z-r) plate. First, due to the effects
of thermo-viscous, small peaks appear on the skin layers
(4.5 to 6 mm) and then in the focal area of the fat layer (7.5
to 9.5 mm). The maximum temperature is in 8.6 mm. After
passing through the focal area in the muscle layer (9.5 to 14
mm), the ultrasound waves are attenuated.
The maximum temperature values in linear and nonlinear model for the input intensities of 1.5, 2.0, 5.0, 8.0,
10.0, 14.0, 20.0, 30.0 W/cm2 are given in Table 3.
Table 3. Comparison of maximum and minimum temperature in linear and
non-linear models for 1.5, 2, 5, 8, 10, 14, 20, 30 W/cm2 input intensities,
sonication time is=0.01 s
Input
intensity
(W/cm2)
1.5
2
5
8
10
14
20
30

Maximum
temperature
(non-linear
model)°C
41
44
48
70
75
81
106
146

Maximum
temperature
(linear
model)°C
38
40
43
58
62
65
142
212

Percentage
increase
(%)
(T+nonlinearT+linear)/T+linear
9%
10%
12%
20%
22%
24%
31%
45%

The percentage difference between the linear and nonlinear models increases with the input sound intensity
increases. To compare the temperature behavior at different
intensities, the same sonication time is considered 0.01
seconds (10 ms). At high input intensities, the sonication
time is reduced to the desired temperature of the device 6070 °C. For example, the sonication time is 1 ms for 30
W/cm2 intensity to reach the desired temperature of 60 °C.
The effect of input ultrasound intensity on the thermal
plan, pressure, and temperature spectrum data versus depth
for eight different input ultrasounds was statistically
compared using ANOVA analysis by SPSS 16.0 software.
Results showed except for the first three groups (1.5, 2.0
and 5.0 W/cm2), the other groups (8.0, 10.0, 14.0, 20.0 and
30.0 W/cm2) were significantly different (p<0.05). Thus,
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increasing intensity causes a significant change in the
thermal plan in the fat layer.

Discussion
Other studies have used the Westervelt equation [11,
21, 25, 29] to solve non-linear sound propagation. In
most studies, the target tissue is liver tissue and
modeling for two layers of water and soft tissue is
considered. The common frequency in most studies is 1
MHz at the depth of 10 cm. In the present study, the
therapeutic transducer of the HIFU skin rejuvenation
device with a low penetration depth (4.5 mm) in skin
tissue and frequency of 4 MHz was modeled in three
layers of skin, fat, and muscle. The focus of HIFU
waves is located in the subcutaneous fat layer of the skin
(considering the high non-linear coefficient of adipose
tissue). The thermal-acoustic pattern of HIFU waves
was calculated and extracted at the desired depth by
adding the absorption and viscosity coefficients of skin,
fat, and muscle. Due to the effect of frequency on the
absorption coefficient, the average absorption
coefficient for higher frequencies (up to the second
frequency) was considered.
In limited studies, ultrasound propagation's linear
and non-linear behavior has been compared [11, 29]. In
paper [11], for input power 33.5, 75.4, and 134.0 W, the
maximum pressure at the focal points 1.11, 2.50, and
4.00 MPa has been reported. The transition threshold
from linear to non-linear behavior was expressed as 40
to 80 W. At 134 W input power, the maximum pressure
in the non-linear model was two times higher than in the
linear model. In this paper, the central frequency was 1
MHz, and the focal length was 50 cm. In this study, at
the maximum input intensity of 30 W/cm2, the
maximum pressure ratioat the focal point in the nonlinear model to 1.47 times the linear model is obtained.
As observed, considering the non-linear equations of
ultrasound propagation and the effect of producing
higher harmonics up to the second-order, at input
intensities of 1.5, 5, 2, 8, 10, 20, and 30 W/cm2, the
maximum acoustic pressure in the non-linear model to
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linear model 10, 11, 15, 22, 40, 47, 65 and 85%,
respectively. The maximum temperature in non-linear
models 9, 10, 12, 18, 21, 24, 31, and 45% relative to the
linear model has increased. High intensities lead to a
significant reduction in the time to reach the desired
temperature for cell necrosis.. On the other hand, raising
the pressure increases the cavitation phenomena [30],
which making it difficult to control the clinical
condition during treatment. Therefore, choosing the
optimal intensity by considering all aspects according to
the treatment goal and the desired temperature is
essential. For selecting desirable intensity, it should be
noted that the non-linear behavior increases with
increasing the input sound intensity, and from the
threshold intensity onwards, the emergence of nonlinear behavior cannot be ignored. In this study, the
intensity of the non-linear behavior threshold of 8
W/cm2 was expressed. By ANOVA test using SPSS
16.0 software for intensities less than 8 w/cm2, no
significant difference was observed between the
pressure and temperature distribution, while for
intensities above 8 w/cm2, the pressure and temperature
distribution is different between the linear and nonlinear models (p>0.05). So that at the input intensity of 8
W/cm2, the linear equations do not respond to the wave
behavior, and the maximum temperature in the nonlinear model is 20% higher than in the linear model. As
the input intensity increases, the heat generated in the
focal region increases but the length of the focal region
does not change.

Conclusion
The development of numerical calculations is
essential for improving and developing the treatment
plan for the use of ultrasound in therapeutic
applications.In the present study, the design of acoustic
and thermal pressure resulting from HIFU with
emphasis on non-linear propagation of ultrasonic waves
was extracted using computer modeling. The pressure
field was calculated in both linear and non-linear models
by solving the Westervelt equation and considering the
thermo-viscous effect of the tissue. The symmetrical
shape of the wave is degraded in the non-linear state
relative to the linear state, especially in the focal zone.
Increasing the maximum positive pressure relative to the
maximum negative pressure removes the wave from the
balanced state. The higher intensity, the more non-linear
behavior and the more asymmetric the waveform
appeared. In the non-linear model, higher harmonic
frequencies than in the linear model are evident. The
results showed at the threshold input intensity (8
W/cm2), the pressure maps resulting from the non-linear
model are not the same as the linear model. The
maximum pressure in the non-linear model was higher
than in the linear model (p<0.05). In the non-linear
propagation model, with the change of the input
intensity, the resulting sound pressure pattern changed
significantly (p<0.05).
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