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ABSTRACT

Introduction: While high-intensity focused ultrasound (HIFU) is widely used for non-invasive tumor
ablation, current models fail to account for the cumulative energy contributions of nonlinear harmonics (up to
the 256th order), significantly limiting treatment precision. This study quantifies the role of harmonic
superposition (1st+2nd+...+256th order) in regulating HIFU-induced focal temperature and establishes an
optimized harmonic combination to enhance clinical parameter design.

Material and Methods: A coupled acousto-thermal model, validated against MRI thermometry, was
developed by solving the Westervelt equation and Pennes bioheat equation to simulate nonlinear acoustic
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High-Intensity Focused Results: The 1st+2nd+...+128th harmonic superposition model achieved <2.2% error in focal temperature
Ultrasound prediction across all tested power levels (80-200 W), with errors of 1.6% at 80 W (48.18 °C simulated vs.
Harmonic 47.96 °C measured), 1.1% at 140 W (66.0 °C vs. 65.31 °C), 1.8% at 160 W (77.78 °C vs. 76.38 °C), and
Temperature 2.2% at 200 W (82.25 °C vs. 84.11 °C). Mid-order harmonics (2nd-64th) contributed 75-80% of energy
Thermal Therapy deposition, while high-order harmonics (>128th, e.g., 256th at 276.48 MHz) exhibited severe attenuation
Nonlinear (135x higher than the fundamental wave). The linear propagation model (fundamental frequency only)

underestimated temperatures by 4.8-23.9%, highlighting the necessity of nonlinear harmonic inclusion.
Conclusion: This work establishes a harmonically optimized framework for HIFU treatment planning,
addressing a critical gap in nonlinear acoustic modeling and enabling safer, precision thermal therapy.
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Introduction

As a non-invasive treatment method, high-

experimental data, showing better agreement [5].Tan

intensity focused ultrasound (HIFU) technology has
been widely used in fields such as tumor ablation and
tissue hyperthermia [1-3]. Previous studies have
extensively investigated on the changes in focal
temperature during HIFU irradiation. Guntur et al.
used numerical simulations to study the effect of
temperature-dependent thermal parameters on the
temperature increase of liver tissue exposed to HIFU.
The The study compared the traditional method
(using constant thermal parameters) with different
thermal parameters measured at different
temperatures (e.g., thermal conductivity and specific
heat capacity varying with tissue temperature) [4].
The results suggest that temperature-dependent
thermal parameters should be considered for accurate
temperature prediction during HIFU treatment
planning [4]. Wang et al. simulated the nonlinear
acoustic field and thermal pattern of phased array
HIFU using an angular spectrum method with a
second-order operator splitting scheme. The study
compared the results with the Khokhlov-
Zabolotskaya-Kuznetsov ~ (KZK) equation and
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et al. used numerical simulation to study the effects of
dynamic tissue properties on temperature and
thermal damage during HIFU thermal therapy. The
results showed that dynamic properties have a
significant impact on temperature distribution
[6].Wang et al explored the use of frequency chirping
to enhance the thermal field and cavitation at the focal
point during HIFU ablation. The study used numerical
simulation and experimental methods to compare the
effects of constant frequency excitation and frequency
chirping on temperature rise. The results showed that
frequency chirping can significantly enhance
temperature rise [7]. Zou et al. used numerical
simulation to study the effect of dynamic tissue
properties on temperature rise during HIFU scanning
treatment. The study compared the temperature
distribution under static and dynamic characteristics,
indicating that the dynamic characteristics
significantly affect the heating effect [8]. Here,
“dynamic tissue properties” specifically denotes
temperature-dependent variations in acoustic (e.g.,
attenuation coefficient, sound velocity) and thermal
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parameters (e.g., conductivity, heat capacity), which
evolve during HIFU heating due to physicochemical
tissue changes [4, 6, 8, 11]. In contrast, this study
employs static parameters to isolate harmonic
superposition effects. Takagi et al. developed a
method for visualizing HIFU-induced temperature rise
using a double-layer tissue-mimicking phantom. The
method wuses microencapsulated thermochromic
liquid crystals (MTLCs) with different temperature
sensitivities to achieve a wider range of temperature
measurements during HIFU exposure [9]. Li et al
explored how thermal relaxation impacts temperature
increases in ex vivo tissues during HIFU. They
measured the thermal relaxation times of porcine
muscle and fat and assessed the Pennes equation,
TWMBT, and DPL models. Findings revealed that the
DPL model with measured thermal relaxation times
offers more precise temperature predictions during
HIFU [10]. Dong et al. simulated the effects of
temperature-dependent  acoustic and thermal
parameters on focal temperature and thermal damage
in HIFU-irradiated porcine liver tissue. The study
compared the results using constant and dynamic
acoustic and thermal parameters and showed that
dynamic parameters significantly affected focal
temperature [11]. Luan et al. proposed a real-time
reconstruction method of HIFU focal temperature
field based on deep learning. The method uses a
multimodal teacher-student model (MMTS) to
aggregate data from different modalities and transfer
knowledge from the teacher model to the student
model, and the result show that the method can
accurately reconstruct the temperature field with a
maximum temperature error of less than 2.5°C [12].
However, the above studies have not paid enough
attention to the contribution of nonlinear harmonics
to the formation of focal temperature. During HIFU
irradiation, nonlinear effects will occur when sound
waves propagate in biological tissues, leading to the
generation of high-order harmonics [13]. These
harmonics not only change the energy distribution of
the sound field, but may also have a significant impact
on the temperature field in the focal area. Studies have
shown that nonlinear components such as second
harmonics and third harmonics can enhance the
energy deposition of the sound field in the focal area,
thereby affecting the temperature distribution [14].
Varray et al. found that the energy contribution of the
second harmonic in the focal area can reach more than
20% of the fundamental wave, significantly increasing
the local temperature [15]. In addition, the generation
of high-order harmonics is closely related to tissue
characteristics, and differences in nonlinear
parameters of different tissues may lead to significant
changes in harmonic energy distribution. However,
the current research on the specific contribution of
different-order harmonics to focal temperature and
their superposition effects is still relatively limited,
especially the mechanism of action of high-order
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harmonics is still unclear. Despite advances in HIFU
modeling, no prior work has systematically quantified
the cumulative contributions of harmonics beyond the
8th order or identified an optimal cutoff for clinical
relevance. This gap critically limits the accuracy of
temperature prediction, as high-order harmonics
(e.g., >64th) exhibit frequency-dependent attenuation
that remains uncharacterized in heterogeneous
tissues.

The harmonic superposition effect provides a new
idea for accurately predicting the focal temperature
distribution during HIFU irradiation. By considering
the superposition combination of harmonics of
different orders, the energy distribution of the
acoustic field and the change of the temperature field
can be described more accurately, thereby optimizing
the HIFU treatment parameters. However, the main
challenges faced by current research include: first, the
nonlinear mechanism of harmonic generation is
complex and difficult to accurately describe by
traditional linear models; second, the interaction of
harmonics of different orders and their combined
impact on the temperature field have not been
systematically studied. Solving these problems will
help improve the accuracy and safety of HIFU
treatment.

This study aims to explore the effects of different-
order harmonics generated during HIFU irradiation
on the focal temperature of biological tissues, focusing
on the regulation of the harmonic superposition effect
on temperature distribution. The key innovation of
this study is the first systematic investigation of the
influence of the superposition combination of
different-order harmonics on the focal temperature,
revealing the potential of harmonic superposition in
optimizing HIFU treatment parameters. By combining
theoretical modeling with experimental verification,
this study provides a harmonically optimized
superposition model (1st+2nd+..+128th harmonics)
as a key strategy to refine HIFU treatment parameters
(e.g., power, exposure duration) in clinical settings.
This approach balances prediction accuracy and
computational efficiency by excluding high-order
harmonics (>128th) with negligible energy deposition
due to severe attenuation, thereby improving the
precision and safety of thermal therapy.

Materials and Methods

Westervelt equation

This study used the Westervelt equation in nonlinear
acoustics to describe the propagation of HIFU in
biological tissues. The equation was expressed as [16]:

2

2 3 2.2
vip_ L, 050 B

C2 atZ C4 atS /1:4 atZ

)

C
Where P was the sound pressure, was the sound

velocity of the medium, 6 was the diffusivity of the
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sound wave in the tissue, which quantifies the rate of
viscous dissipation of acoustic energy in a medium due

0=2c%x | &’

to thermoviscous absorption, and ,
where @ was the frequency of the sound wave
vibration and & was the sound attenuation coefficient

of the medium. ﬂ was the nonlinear coefficient,

B=1+ B/2A, and # were the medium density. For
the calculation of harmonic components, the numerical
solution of equation 1 could be achieved using the

frequency domain finite difference method (FDFD) [17].

Using the Fourier series, the sound pressure P was
expanded as [18]:

p(z,r,t) = icn exp(jn7)
n=—o 2

In equation 2, Z denoted the axial distance along
the acoustic propagation axis, I' represented the radial
coordinate perpendicular to the acoustic axis, and t was

the time variable. Where C“ represented the complex

amplitude of the N th harmonic component. C” was
calculated as follows [18]:
in

dC, __1W8 Shce +i-Soac,

dz 2c® ,ok — 4nf,n

—(a(nf)) —i——2— (a(nf)) —a(f,)))C,

( —1)72f 3)

In equation 3, fo denoted the fundamental

frequency; a(nfO) was the sound attenuation

coefficient corresponding to M times the fundamental

*

frequency; f was a dimensionless normalized
frequency coefficient; and n represented  the
dimensionless viscosity coefficient of the medium [18].
While equation 2 formally included harmonics of
infinite orders (“ n-_, +00), the physically achievable
harmonic spectrum in tissue was constrained by two

factors: (1) the nonlinear coefficient ('B) of the medium,

which governed energy transfer efficiency from the
fundamental wave to higher harmonics; and (2)

2
frequency-dependent attenuation (aocf ), which
exponentially  dissipated  high-frequency  energy.
Consequently, harmonics beyond a tissue-specific cutoff
order (e.g., >128th in porcine muscle) could not
propagate to the focal region due to severe attenuation
(e.g., 135x higher for the 256th harmonic vs.
fundamental). Thus, although our model computed
harmonics up to the 256th order by varying “n”, the
number of harmonics contributing significantly to focal
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heating was intrinsically determined by tissue
properties—not arbitrarily selectable.

For benchmarking, a linear propagation model
(fundamental frequency only) was implemented,

wherein the Westervelt equation (Equation 1) was

simplified by omitting nonlinear terms (i.e., setting

0). This model assumed purely linear acoustic
propagation of the fundamental wave (1.08 MHz)
without harmonic generation. The resulting pressure
field was used in the Pennes equation (Equation 4) to
compute temperature. In contrast, the full nonlinear
model (Equation 1-3) incorporates harmonics up to the
256th order.

Pennes bioheat equation

The temperature distribution in biological tissues
was described by the Pennes bioheat equation, which
had the form [19,20]:

o,
,octat =k VT, -w,c, (T-T,)+Q

(4)
In formula (4), T represented tissue temperature, C,

and kt represented the specific heat capacity and
thermal conductivity of biological tissue respectively,

and Wo represented the blood perfusion rate of non-
biological tissue. In this study, blood perfusion rate was
set to zero as experiments used ex vivo porcine muscle
tissue, which lacks active perfusion, so the blood

perfusion rate could be ignored in the model and W _
0. This constituted a boundary condition for the ex vivo
model, consistent with experimental validation protocols

[21]. G represented specific heat capacity, Tb was

blood temperature, and Q was ultrasonic power loss.

Q could be expressed as [17]:
_ 20, [8pj2
=—"(|—
ot
@ e (5)

In the above formula, % was the attenuation
coefficient corresponding to the M th harmonic

component, and the symbol < > represented the time
average value.

Quantification of Harmonic Energy Contributions
The percentage energy contribution of each
harmonic order M was calculated by decomposing the

total absorbed power density (Equation 5) into
harmonic-specific components. For the th harmonic,

Q

the time-averaged power density <" was given by [22]:
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Where P was the acoustic pressure of the N th

harmonic derived from the spectral decomposition in

Equation 2. The relative contribution (%) of the MNth

harmonic to total energy deposition at the focal point

was then computed as [15]:

Contributon, =&><100)/o

N

2.Q

= (7)
Where N was the maximum harmonic order

considered (e.g., N =128 or 256). This formulation
accounted  for  frequency-dependent  attenuation

2
(0{n f ) and nonlinear pressure coupling, enabling
precise attribution of energy deposition to individual
harmonics.

Two-dimensional model of HIFU irradiation
The ultrasonic transducer was a flat, spherically
focused circular plane with an outer radius of &=4cm

and a focal length of F =12cm. The ultrasonic wave

propagates in water at a distance of Zu =9cm and was
irradiated to a porcine muscle tissue with a thickness of

Zm =5cm. It was assumed that the porcine muscle tissue

was a uniform medium. Consistent with the ex vivo
experimental conditions, blood perfusion effects were

omitted (Wb = 0). The ultrasonic frequency was
=1.08MHz, and the continuous irradiation time of HIFU

was 30 seconds. The time step was At =0.1ps, and the

grid resolution was AX =0 5mm. The coordinate system
was centered on the focus and is symmetrically
distributed along the acoustic axis ( Z direction). The
irradiation powers (80W, 140W, 160W, and 200W)
were selected to cover clinically relevant intensity
ranges for HIFU ablation [21]. The coupled Westervelt
and Pennes equations were solved numerically using
MATLAB R2018b (The MathWorks, Inc., USA). The
Westervelt equation (Equation 1) was discretized in the
frequency domain via the finite difference method

(FDFD) [17]. Harmonic amplitudes C“ (for N=1to
256) were computed sequentially along the axial
direction Z using Equation 3. The computed acoustic

energy deposition Q (Equation 5) served as the heat
source in the Pennes bioheat equation (Equation 4),
which was solved using an explicit finite difference

scheme with a time step of At - o ps. Boundary
conditions included: (1) Absorbing boundary conditions
at radial edges to minimize reflections; (2) Continuity of
pressure and particle velocity at the water-tissue
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interface; (3) Thermal insulation (zero heat flux) at all
external boundaries. Initial conditions were set to

uniform temperature (20 °C) and zero acoustic pressure
throughout the domain. The acoustic and thermal

solutions were coupled by updating Q at each time step
based on the harmonic amplitudes and then solving the
temperature field. During the HIFU irradiation process,
the acoustic field and temperature field of biological
tissue were coupled and affected by each other. The
acoustic-thermal coupling was implemented by
sequentially solving the Westervelt equation for
harmonic propagation and the Pennes equation for heat

transfer, with Q (Equation 5) coupling the acoustic
energy to thermal effects. While this coupling
framework followed established principles [8], our
implementation in MATLAB unigquely resolved
harmonics up to the 256th order and incorporated
frequency-dependent attenuation for each harmonic. The
two-dimensional model of HIFU irradiated porcine
muscle tissue was shown in Figure 1 below:

water
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Figure 1. HIFU irradiated porcine muscle model

The acoustic and thermal parameters of water and
porcine muscle were shown in Table 1 [21]. All
parameters in Table 1 remained constant during
simulations, representing baseline values at 20 °C.
Although temperature-dependent dynamic properties
significantly affect HIFU treatments in vivo [8, 11], this
study isolated harmonic superposition effects by fixing
parameters. This ensured focal temperature changes
were solely attributable to nonlinear acoustic energy
cascading.

MRI Thermometry Validation

To validate the simulated focal temperature,
experimental data from Magnetic Resonance Imaging
(MRI) thermometry [21] were utilized. The MRI
experiments were conducted using a 1.5 T Siemens
Symphony scanner with a spoiled gradient echo
sequence (TR = 13 ms, TE = 7 ms, flip angle = 30°,
slice thickness = 8 mm). Temperature mapping was
based on the proton resonance frequency (PRF) shift
method, which measures phase differences between pre-
heated and heated states.
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Table 1. Acoustic and thermal parameters of the medium

Material p(kg/m®) c(m/s) a(Np/m) B/A ci(J/kg/K) k(W/m/K)
Water 1000 1520 0.026 5.0 4200 0.60
muscle 1055 1550 4.500 7.0 3200 0.49
The PRF shift method relied on the linear the original data tables in [21]. By comparing the numerical

dependence of the proton resonance frequency on
temperature (approximately —0.01 ppm/°C for aqueous
tissues). Phase differences between baseline (pre-
sonication) and heated states were converted to
temperature changes using the relation [23]:

AT =29

yB,TE ®)

where Ag was the phase shift, 7 was the

gyromagnetic ratio, 0 was the PRF coefficient (-0.01

ppm/°C), By was the static magnetic field strength, and

TE was the echo time. The temperature uncertainty of
this method was £1.5°C, as reported in [21]. The spatial
resolution of MRI was 2 mm per pixel, and temporal
resolution was 1.7 s per frame. The HIFU transducer
parameters and tissue properties (ex vivo porcine muscle)
in [21] were matched with our simulation setup (Table
1), ensuring direct comparability.

Data Comparison Protocol

To ensure consistency between simulated and
experimental temperatures, the following steps were
adopted:

Data Extraction: MRI-measured temperature
profiles were digitized using calibrated axes, with peak
focal temperatures extracted at each power level (80—
200 W) [21]. Three independent trials were averaged to
minimize experimental variability.

Spatial Alignment: Simulated and experimental
datasets were spatially aligned to the focal coordinates
(axial: z-axis, radial: r-axis), with temperature values
normalized to the baseline (20 °C).

Error Quantification: Percentage errors between
simulated and experimental peak temperatures were
calculated as [21]:

-T

T.
Erron(%)=|—""-—2*{x100
o ©)

: T .
where Teim and ®P denoted the simulated and
MRI-measured peak temperatures, respectively.

The MRI-measured temperature profiles were digitized
using calibrated axes and averaged over three repeated
trials to minimize experimental variability [21]. The peak
focal temperatures at each power level (80—200 W) were
extracted with a precision of £0.5°C, as validated against
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simulation results with the MRI measured temperature data
[21], which were acquired under identical HIFU
parameters (power levels: 80—200 W, exposure time: 30 s)
and tissue properties. The focal temperature peaks were
extracted following the Data Comparison Protocol
described in Section 2.3 (using digitization of MRI profiles,
spatial alignment to focus, and voxel-averaging over a
volume of 2 x 2 x 8 mm?3, consistent with the spatial
resolution limitations of the clinical protocol. The effects of
different HIFU irradiation powers (80W, 140W, 160W,
200W) and harmonic superposition combinations on the
simulated temperature and measured temperature of the
porcine muscle tissue focus were systematically analyzed.
In Figures 2-5, the time axis (horizontal) denoted seconds
elapsed since HIFU initiation. All simulations and
experiments span 120 seconds: 0-30 s (active irradiation)
and 30-120 s (post-sonication cooling). This captured both
energy deposition during sonication and thermal relaxation
thereafter, with peak temperatures occurring at t=30 s (end
of irradiation) as shown in the transient profiles. The results
showed that the superposition effect of nonlinear
harmonics significantly regulated the energy deposition
and temperature distribution in the focal area, and the
effects of different harmonic orders showed a complex
pattern. In the following four simulation figures, 1st, 2nd,
3rd, 4th, .., 256th represented the fundamental wave,
second-order harmonic, third-order harmonic, fourth-order
harmonic ..., and 256th order harmonic, respectively. At
80W power (Figure 2), the simulated temperature peak of
the linear propagation model (fundamental frequency only)
was 45.66 °C, which was 2.30 °C different from the MRI
measured value (47.96 °C) (error rate 4.8%).

As the harmonic order increased, the temperature
showed a non-monotonic trend of first increasing and then
decreasing: the peak temperature of the 1st+2nd+...+4th
order harmonic combination reached 72.97 °C (error rate
52.1%), indicating potential energy over-focusing, while
the temperature of the Ist+2nd+...+128th order
combination droped to 48.18 °C, which was only 0.22 °C
different from the measured value (error rate 1.6%), and
the prediction accuracy was significantly improved. When
superimposed on the 256th order harmonic, the
temperature further droped to 47.11 °C (error rate 1.8%),
but the strong attenuation of high-frequency harmonics (the
attenuation coefficient of the 256th order harmonic was
135-fold higher than that of the fundamental wave) may
lead to instability of energy deposition. When the power
was increased to 140W (Figure 3), the error between the
simulated temperature of the fundamental wave (linear
propagation) (57.96 °C) and the measured value (65.31 °C)
was 11.3%.
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The temperature peak of the Ist+2nd+...+4th order temperature of the 1st+2nd+...+128th order combination
harmonic combination abnormally rose to 125.1 °C (error was 66.0 °C, and the error rate was reduced to 1.1%,
rate 91.5%), indicating that low-order harmonics may verifying its reliability.

HIFU harmonic superposition on focal temperature

cause local energy over-focusing at high power. The

Figure 2. Comparison of simulation and experimental temperature of different order harmonic superposition under 80W HIFU irradiation

Figure 3. Comparison of simulation and experimental temperature of different order harmonic superposition under 140W HIFU irradiation
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Figure 4. Comparison of simulation and experimental temperature of different order harmonic superposition under 160W HIFU irradiation

When superimposed on the 256th order harmonic, the
temperature droped to 63.72 °C (error rate 2.4%), but the
attenuation effect of high-order harmonics weakened the
energy transfer efficiency. Under high power 160W
conditions (Figure 4), the simulated temperature of the
fundamental wave (linear propagation) (66.59 °C) differed
by 12.8% from the measured value (76.38 °C).

The temperature peak of the 1st+2nd+...+4th order
combination was as high as 147.5 °C (error rate 93.0%),
while the temperature of the Ist+2nd+...+128th order
combination was 77.78 °C, and the error rate was reduced
to 1.8%, indicating that the low- and medium-order

harmonics (2nd~64th order harmonics) contribute about 75%

of the energy deposition. This 75-80% represented the
proportion of total absorbed acoustic energy attributed to
harmonics 2-64 within the 1st-128th harmonic ensemble.
Crucially, models truncated at lower orders (e.g.,
1st+2nd+...+4th) redistribute this energy unrealistically:
while their cumulative absorption may mathematically
approach 100% of included harmonics, the exclusion of
higher-order components distorts the spatial deposition
profile, causing over-concentrated heating at superficial
depths (Figure 5). Thus, absolute temperature predictions
require balanced inclusion of harmonics 1-128 to
accurately resolve the focal energy distribution. When
superimposed on the 256th order harmonic, the
temperature droped to 74.65 °C (error rate 2.3%), reflecting
the limitation of the energy deposition by the cumulative
attenuation of high-frequency harmonics (>128th order).
At the highest power of 200W (Figure 5), the error rate
between the simulated temperature of the fundamental
wave (linear propagation) (64.02 °C) and the measured
value (84.11 °C) was as high as 23.9%.

The temperature peak of the Ist+2nd+...+4th order
combination abnormally rose to 183.9 °C (error rate
118.6%), while the temperature of the 1st+2nd+...+128th
order combination was 82.25 °C, with an error rate of 2.2%,
highlighting its applicability at high power. When
superimposed on the 256th order harmonic, the

temperature droped to 76.13 °C (error rate 9.5%), and the
strong attenuation of the high-frequency harmonic (276.48
MHz) caused the energy to be unable to be effectively
transferred to the focal area. This reduction occured despite
the theoretical generation of high-order harmonics because
frequencies >138 MHz (e.g., 256th at 276.48 MHz) exhibit
attenuation coefficients exceeding 250,000 Np/m in muscle

— 2
tissue  ( s =45 (T /1.08) ), restricting

penetration to <0.2 mm. Thus, while nonlinear propagation
generated these harmonics, their energy was deposited
superficially rather than at the focus, reducing net focal
heating.

Comprehensive  analysis  showed  that the
1st+2nd+...+128th harmonic combination exhibited the
best prediction accuracy (average error rate of 1.9% across
80-200 W) at different powers. Its advantage came from
the comprehensive coverage of the energy contribution
(about 80%) of medium and low-order harmonics
(2nd~64th order harmonics), while avoiding the excessive
attenuation effect of high-order harmonics (>128th order)
(for example, the attenuation coefficient of 138MHz
harmonics was 135 times that of the fundamental wave).
The superposition of low-order harmonics (such as
2nd~4th order harmonics) caused abnormal temperature
rise under high pressure, which might have been related to
the local energy focusing of low-frequency harmonics,
whereas the superposition of high-order harmonics (>256th
order) led to a decrease in energy deposition efficiency due
to the reduced penetration depth.

The 1st+2nd+...+128th order harmonic superposition
model achieved high-precision temperature prediction by
balancing energy contribution and attenuation effect,
providing a theoretical basis for the optimization of HIFU
treatment parameters. Notably, beyond the irradiation

endpoint (t > 30 s), all models—including the fundamental

wave-only and truncated harmonic combinations —
converged during the cooling phase (Figs. 2-5).
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Figure 5. Comparison of simulation and experimental temperature of different order harmonic superposition under 200W HIFU irradiation

This occured because temperature decay was governed
exclusively by thermal diffusion (Equation 4), independent

of acoustic energy deposition (Q = 0 after sonication).
Thus, while higher-order harmonics (e.g., 128th) were
critical for accurate peak temperature prediction at t = 30 s,
their exclusion did not alter cooling dynamics.

Discussion

This study revealed the influence mechanism of
different harmonic superposition orders on HIFU focal
temperature and its difference with the actual MRI
measured value through systematic comparison of
numerical simulation and experimental data.

The average error rate between the simulated
temperature and the MRI measured value of the
1st+2nd+...+128th order harmonic combination was
stable within 2.2% across all tested power levels (80—
200 W), with a slight increase to 2.2% at 200 W due to
high-frequency attenuation. Its high accuracy came from
the precise balance between energy contribution and
attenuation boundary. The low- and medium-order
harmonics (2nd to 64th order harmonics) contribute
about 80% of the total energy deposition, of which the
second harmonic accounted for 18% to 22%, and the
third to eighth order harmonics contributed a cumulative
15% to 20%. These harmonics had moderate
frequencies (2.16 to 8.64MHz) and low attenuation
coefficients, which could effectively penetrate into the
focal area and achieve efficient energy deposition [24-
26]. At the same time, the 128th harmonic frequency
(138 MHz) approached the practical penetration limit
for therapeutic ultrasound in biological tissues, where

2
the attenuation coefficient ( az4.5><(138/1.08)

=73,500 Np/m) reduced energy penetration to <1 mm.
Consequently, harmonics beyond this frequency (e.g.,
256th at 276.48 MHz, & ~291,600 Np/m) deposit >99.9%
of their energy superficially, failing to reach the focal
zone. This combination not only covered the main
energy contribution harmonics, but also avoided the
excessive attenuation of high-order harmonics, thereby
optimizing the prediction accuracy. Recent studies (e.g.,
Mortazavi et al. [27]) have similarly validated HIFU
models using  pre-existing  experimental  data,
demonstrating that nonlinear harmonic  effects
significantly alter focal heating patterns. Our work
extended this approach by systematically analyzing
harmonics up to the 256th order, whereas prior studies
typically truncate at lower orders (e.g., 8th harmonic).
The close agreement (<2.2% error) between our 1st-
128th harmonic model and MRI data [21] underscored
the necessity of including mid-order harmonics
(2nd+...+64th) for clinical relevance. The distinct
heating effects of low- and high-order harmonics arise
from their frequency-dependent energy deposition and
attenuation. Low-order harmonics (2nd+...+8th) exhibit
moderate frequencies (2.16-8.64 MHz) and attenuation
coefficients (e.g., 9.72 Np/m for 2nd harmonic at 2.16
MHz in muscle), enabling deeper penetration and
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cumulative energy deposition. For instance, the second
harmonic contributes 18-22% of the total absorbed
power (Figure 3), enhancing focal heating via nonlinear
energy transfer from the fundamental wave. In contrast,
high-order harmonics (>64th, e.g., 138 MHz for 128th
harmonic) suffer severe attenuation (135x higher than
the fundamental wave) due to the frequency-squared

2
dependence of absorption (05OC f ), limiting their
penetration depth and causing rapid energy dissipation.
This attenuation shifted energy deposition toward
superficial regions, reducing focal temperature rise.
Mid-order harmonics (8th+...+64th) strike a balance,
contributing 15-20% cumulative energy without
excessive attenuation, thereby dominating the focal
heating process. Critically, while our computational
framework evaluated harmonics up to the 256th order
(by incrementing “ N> in Equation 2), the effective
harmonic spectrum in tissue is physiologically capped
by attenuation and nonlinearity—highlighting that tissue
properties, not computational choice, dictated the viable
harmonic orders. The apparent paradox—where higher
harmonic inclusion reduced focal temperature despite
their theoretical energy contribution (10-15%)—
stemmed from the exponential decay of high-frequency
waves in tissue. For instance, the 256th harmonic
(276.48 MHz) experienced attenuation 135x higher than
the fundamental wave (Figure 5), depositing >99.9% of
its energy within 1 mm of the transducer surface. This
energy never reached the focus, explaining the
temperature decrease. Crucially, MRI thermometry [21]
confirmed this attenuation-limited behavior: focal
temperatures align only with models that exclude
harmonics above 128th (138 MHz), where

2
az4.5><(138/1.08) =73,500 Np/m still permited

partial focal penetration. The apparent temperature
overestimation by mid-order harmonics (e.g., 2nd-64th)
in truncated models arised from unphysical energy
localization, not excessive total deposition. When
harmonics >64th were excluded, the unresolved
nonlinear energy cascade forced excessive power
density near the transducer face (Figure 5, 1st+...+4th
curve). This violated the diffraction-governed focal
geometry, artificially inflating focal temperatures
despite similar cumulative absorption percentages. In
contrast, the 1st-128th ensemble correctly distributed
energy across harmonics, with mid-order components
(2nd-64th) depositing 75-80% of the total focal energy

— consistent with their moderate attenuation and

optimal penetration depth.

In contrast, low-order combinations (such as
Ist+2nd+...+4th  order) ignored the cumulative
contribution of high-order harmonics (about 10%~15%),
resulting in a temperature prediction error rate of
52%-~119%; while high-order combinations (such as
Ist+2nd+...+256th order) had a significant increase in
error rate (such as 9.5% at 200W) due to severe energy
loss. This comparison highlighted the key role of
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harmonic order selection in model design. The transient
temperature profile (e.g., peak at 30 s followed by
decline) resulted from competing thermal processes: (1)
Initial rapid heating due to cumulative energy deposition
from low- and mid-order harmonics (2nd+...+64th),
which dominate within the first 30 s; (2) Subsequent

cooling driven by thermal diffusion (governed by kt

=0.53 W/m/K) and the absence of blood perfusion (Wb
=0) in the ex vivo model. This simplification aligned
with the non-perfused nature of ex vivo tissues. Beyond
30 s, heat dissipation to surrounding tissue outweighed
harmonic energy deposition, particularly as high-order
harmonics (>128th) attenuate rapidly and fail to sustain
focal energy input. Particularly as high-order harmonics
(>128th) attenuate rapidly and fail to sustain focal
energy input. Crucially, once irradiation ceased (t > 30

s), the ultrasonic power loss term Q vanishes (Equation
5), and temperature evolution became purely thermal
diffusion-driven. This explained why models with
divergent harmonic orders converge during cooling
(Figs. 2-5): diffusion depends only on tissue

conductivity (k‘), density (p), and heat capacity (Ct),
not acoustic energy sources. Consequently, while mid-
order harmonics (2nd-64th) dictate peak heating, their
exclusion does not affect post-sonication cooling
accuracy. As shown in Figure 5, this phenomenon was
amplified at higher powers (e.g., 200 W), where faster
initial heating exacerbates thermal diffusion losses.

The linear propagation model (fundamental
frequency only) seriously  underestimated the
temperature at all powers (error rate 4.8%~23.9%). The
fundamental reason was that it completely ignored the
energy cascade effect of nonlinear harmonics. In the
actual HIFU sound field propagation, nonlinear effects
lead to the generation of harmonics, which significantly
increased the total absorbed power by transferring
energy from the fundamental wave to higher-order
harmonics [28,29]. For example, the sound pressure
amplitude of the second harmonic can reach 10%~15%
of the fundamental wave, and its energy density
contribution exceeds 20%. The linear model did not take
into account the energy of harmonic superposition,

resulting in Q being seriously underestimated. In
addition, the nonlinear coefficient of porcine muscle
was significantly higher than that of water, which
further amplified the impact of nonlinear effects on
temperature, and the linear model could not reflect this
tissue-specific parameter difference.

Although the 1st+2nd+...+128th order combination
showed high prediction accuracy, we still need to pay
attention to the following potential sources of error:
First, the simulation assumed that porcine muscle tissue
was a homogeneous medium, while the acoustic

parameters of actual tissue (such as & . B ) might
have spatial heterogeneity, which affected the harmonic
energy distribution; second, the current model did not
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consider the nonlinear interaction between harmonics
(such as harmonic-harmonic coupling), which might
introduce small errors at high power (such as an error
rate of 2.2% at 200 W).

Future research needs to further quantify tissue
heterogeneity and high-order harmonic attenuation
mechanisms through multi-physics field coupling
models (integrated acoustic field, temperature field and
tissue damage dynamics) and high-frequency acoustic
imaging technology. For example, for the acoustic-
thermal coupling effect of harmonics >256, it is
necessary to combine experimental measurements of
their actual penetration depth and energy deposition
efficiency to improve the boundary condition
assumptions of the model.

The strong attenuation of high-order harmonics and
the nonlinear energy cascade effect were the core
mechanisms for temperature distribution regulation. The
1st+2nd+...+128th order combination achieved high-
precision temperature prediction by balancing energy
contribution and attenuation boundaries. Model
optimization needed to focus on tissue-specific
parameter quantification and high-order harmonic
interaction mechanism analysis to promote the precision
of HIFU treatment parameters and the safety of clinical
applications.

Conclusion

This study systematically reveals, for the first time,
the cumulative influence of harmonic superposition (up
to the 256th order) on focal temperature in high-
intensity focused ultrasound (HIFU)-irradiated porcine
muscle tissue by establishing a coupled acousto-thermal
model integrating the Westervelt equation and the
Pennes bioheat equation. Numerical simulations
validated against MRI thermometry demonstrate that the
proposed  model  (Ist+2nd+...+128th  harmonic
superposition) achieves exceptional accuracy (average
error rate 1.9%, maximum 2.2% at 200 W) in focal
temperature prediction across clinically relevant power
levels (80-200 W), significantly outperforming linear
models (4.8-23.9% error). The model’s superiority
stems from its balanced inclusion of mid- and low-order
harmonics (2nd-64th), which collectively contribute
75-80% of total energy deposition, while excluding
higher-order harmonics (>128th) that suffer severe
frequency-dependent attenuation. For instance, the
128th harmonic (138 MHz) exhibits an attenuation
coefficient 135x higher than the fundamental wave
(1.08 MHz), leading to negligible energy transfer to the
focal region.

In contrast, truncating harmonics at lower orders
(e.g., 4th) caused severe overestimation (91.5% error at
140 W) due to unaccounted energy cascading, whereas
excessive inclusion  (e.g., 256th) introduced
underestimation (9.5% error at 200 W) from high-
frequency dissipation—both scenarios posing risks of
overtreatment or undertreatment in clinical settings. The
linear model’s consistent underestimation (4.8-23.9%
error) underscores the critical role of nonlinear energy
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cascading, where harmonic generation transfers energy
from the fundamental wave to higher frequencies,
amplifying focal heating beyond linear predictions.

These findings establish a harmonically optimized
framework for HIFU treatment planning. Future work
should prioritize (1) multi-physics modeling of tissue
heterogeneity’s impact on harmonic attenuation, (2)
experimental characterization of ultra-high-frequency
harmonics (>256th) in vivo to validate attenuation
physics at extreme frequencies and explore potential
applications in superficial micro-therapies, where their
confined energy deposition may be advantageous, and
(3) integration with real-time thermometry to advance
clinical translation.
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